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a b s t r a c t
The q-analogue of Legendre inversions is established and generalized to bilateral
sequences. They are employed to investigate the dual relations of three basic formulae
due to Jackson and Bailey, on balanced 3φ2-series, well-poised 8φ7-series and bilateral
6ψ6-series. Several terminating well-poised series identities are consequently derived,
including the q-Dixon formulae on terminating 3ψ3-series and two terminating well-
poised 5ψ5-series identities due to [F.H. Jackson, Certain q-identities, Quart. J. Math.
(Oxford) 12 (1941) 167–172; W.N. Bailey, On the analogue of Dixon’s theorem for bilateral
basic hypergeometric series, Quart. J. Math. (Oxford) 1 (1950) 318–320].
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For two indeterminate x and q, define the shifted factorial by
(x; q)0 = 1 and (x; q)n = (1− x)(1− xq) · · · (1− xqn−1) for n ∈ N.
When |q| < 1, the shifted factorial of infinite order is well-defined
(x; q)∞ =
∞∏
k=0
(1− xqk) and (x; q)n = (x; q)∞
(xqn; q)∞ for n ∈ Z.
Its product and fraction forms are abbreviated compactly to
[a, b, . . . , c; q]n = (a; q)n(b; q)n · · · (c; q)n, (0.1a)[
a, b, . . . , c
α, β, . . . , γ
∣∣∣∣ q]
n
= (a; q)n(b; q)n · · · (c; q)n
(α; q)n(β; q)n · · · (γ ; q)n . (0.1b)
Following Bailey [3] and Slater [23], the unilateral and bilateral basic hypergeometric series are defined, respectively, by
1+rφs
[
a0, a1, . . . , ar
b1, . . . , bs
∣∣∣∣ q; z] = ∞∑
n=0
zn
[
a0, a1, . . . , ar
q, b1, . . . , bs
∣∣∣∣ q]
n
, (0.2a)
rψs
[
a1, a2, . . . , ar
b1, b2, . . . , bs
∣∣∣∣ q; z] = ∞∑
n=−∞
zn
[
a1, a2, . . . , ar
b1, b2, . . . , bs
∣∣∣∣ q]
n
. (0.2b)
Obviously, the unilateral series may be considered as a special case of the corresponding bilateral one with one of the
denominator parameters equal to q. When one of the numerator parameters has the form q−m with m ∈ N0, then the
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corresponding rφs-series consists of only finite number of terms. In this case, we say that the rφs-series is terminating.
Similarly, the rψs-series is terminating if there is a numerator parameter and a denominator parameter having forms q−m
and qn, respectively, with m ∈ N0 and n ∈ N. In addition, the base q will be confined, throughout the paper, to |q| < 1 for
non-terminating q-series.
The inversion techniques have been efficient tools to prove terminating basic hypergeometric series identities
(cf. Chu [10–13]). This paper will present new inverse series relations and derive further terminating series identities. The
Section 1 will establish the q-analogue of Legendre inversions and give new proofs of the q-Dixon formulae on terminating
3ψ3-series as dual formulae of the q-Saalschütz theorem on balanced 3φ2-series. Section 2 will prove a general pair of
bilateral inverse series relations and then utilize it to derive, as the dual formulae of Jackson’s well-poised 8φ7-series
identity, eight terminating well-poised series identities including two well-poised 5ψ5-series identities due to Jackson [19]
and Bailey [4], which seem to have been unrelated with Jackson’s 8φ7-series identity up to now. Finally in Section 3, the
reduced bilateral inversions of particular interest are employed to investigate the dual formulae of Bailey’s bilateral 6ψ6-
series identity, where the q-analogues of Watson and Whipple formulae on 3F2-series due to Andrews [1] and Jain [21] as
well as the polynomial analogues of Euler’s pentagonal number theorem due to Berkovich–Garvan [7] andWarnaar [27] are
reviewed.
1. q-Legendre inversions and the terminating q-Dixon formulae
For a real number x and two non negative integers n ≥ k ≥ 0, define the Gaussian binomial coefficients by[
x
k
]
:= (q
x−k+1; q)k
(q; q)k and
[
n
k
]
:= (q; q)n
(q; q)k(q; q)n−k .
Then for Legendre inversions (cf. Riordan [22, Table 2.5; P 68] and Chu–Wei [17]), we have the following unilateral q-
analogue.
Lemma 1 (q-Legendre Inversions). Let λ be a fixed real number. Then for all n ∈ N0, the following inverse series relations hold:
f (n) =
n∑
k=0
(−1)k
[
λ+ 2n
n− k
]
1− qλ+2k
1− qλ+2n g(k), (1.1a)
g(n) =
n∑
k=0
(−1)k
[
λ+ n+ k− 1
n− k
]
q
(
n−k
2
)
f (k). (1.1b)
Making the replacements in (1.1a) and (1.1b)
f (k) = F(k)
1− qλ+2k and g(k) =
G(k)
1− qλ+2k
we derive also another equivalent pair of inversions:
F(n) =
n∑
k=0
(−1)k
[
λ+ 2n
n− k
]
G(k), (1.2a)
G(n) =
n∑
k=0
(−1)k
[
λ+ n+ k
n− k
]
1− qλ+2n
1− qλ+n+k q
(
n−k
2
)
F(k); (1.2b)
which will also be used in this paper. In particular when λ = 0, one should be aware that the fraction 1−qλ+2n
1−qλ+n+k displayed in
(1.2b) is set to be one for n = k = 0 in view of the initial condition F(0) = G(0) for both (1.2a) and (1.2b).
We remark that a stronger version of Lemma 1was established by Andrews [2, Lemma 3]. In order for the reader to follow
Lemma 1 without difficulty, its proof is produced below.
Proof. One implication of this inverse pair is that for every identity of the form (1.1a) or (1.1b), there is a companion of the
dual identity. To prove each is to prove both. It is sufficient to show that (1.1a) implies (1.1b). Substituting (1.1a) into (1.1b)
and then interchanging the summation order, we can reformulate the right member of (1.1b) as follows:
RHS (1.1b) =
n∑
k=0
(−1)k
[
λ+ n+ k− 1
n− k
]
q
(
n−k
2
) k∑
i=0
(−1)i
[
λ+ 2k
k− i
]
1− qλ+2i
1− qλ+2k g(i)
=
n∑
i=0
1− qλ+2i
(q; q)n−i g(i)
n∑
k=i
(−1)k+i
[
n− i
n− k
]
(q; q)λ+n+k−1
(q; q)λ+k+i q
(
n−k
2
)
.
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The last sum with respect to k reduces to 1/(1 − qλ+2n) for i = n and zero otherwise. This is justified by observing that
(q;q)λ+n+k−1
(q;q)λ+k+i is a polynomial of degree n− i− 1 in qk and then applying the q-binomial theorem
(x; q)m =
m∑
k=0
(−1)k
[
m
k
]
q
(
k
2
)
xk
to each term of the polynomial. This completes the proof of the lemma. 
From this lemma, we are now going to show that two terminating q-Dixon formulae are dual ones of the q-Saalschütz
theorem [18, II-12]:
3φ2
[
q−n, qna, qa/bd
qa/b, qa/d
∣∣∣∣ q; q] = [ b, dqa/b, qa/d
∣∣∣∣ q]
n
(qa
bd
)n
. (1.3)
1.1
When a = 1, rewrite the last equation as the following q-binomial sum
1+ qn
1+ δ0,n q
( n2 )
[
b, d
q/b, q/d
∣∣∣∣ q]
n
( q
bd
)n = n∑
k=0
(−1)k
[
n+ k
n− k
]
1− q2n
1− qn+k q
(
n−k
2
) [
2k
k
] [
q, q/bd
q/b, q/d
∣∣∣∣ q]
k
where δm,n is the usual Kronecker symbol. This relationmatches perfectly with (1.2b) for λ = 0. Then the dual relation (1.2a)
gives another binomial sum[
2n
n
] [
q, q/bd
q/b, q/d
∣∣∣∣ q]
n
=
n∑
k=0
(−1)k
[
2n
n− k
]
1+ qk
1+ δ0,k q
(
k
2
) [
b, d
q/b, q/d
∣∣∣∣ q]
k
( q
bd
)k
.
According to the linear factor 1+ qk, splitting the last sum into two and then making the replacement k→−k for the sum
corresponding to qk, we get the following simplified bilateral sum:[
2n
n
] [
q, q/bd
q/b, q/d
∣∣∣∣ q]
n
=
n∑
k=−n
(−1)k
[
2n
n− k
]
q
(
k
2
) [
b, d
q/b, q/d
∣∣∣∣ q]
k
( q
bd
)k
.
This is the terminating well-poised 3ψ3-series identity due to Jackson [19, Eq. 2] (see also Carlitz [9, Eq. 1.2] and Bressoud [8,
Eq. 2]):
3ψ3
[
q−n, b, d
q1+n, q/b, q/d
∣∣∣∣ q; q1+n/bd] = [q, q/bdq/b, q/d
∣∣∣∣ q]
n
. (1.4)
Performing the replacement k→−k, we get the reversal of the last identity
3ψ3
[
q−n, b, d
q1+n, q/b, q/d
∣∣∣∣ q; q2+n/bd] = [q, q/bdq/b, q/d
∣∣∣∣ q]
n
(1.5)
which can be found in Bailey [5, Eq. 2] and Verma–Joshi [26, Eq. 3.10].
The nonterminating forms of the last two identities have been discovered by Bailey [4, Eqs. 2.2 and 1.2] (see Chu [14]
also)
3ψ3
[
b, c, d
q/b, q/c, q/d
∣∣∣∣ q; qbcd
]
=
[
q, q/bc, q/bd, q/cd
q/b, q/c, q/d, q/bcd
∣∣∣∣ q]∞ ,
3ψ3
[
b, c, d
q/b, q/c, q/d
∣∣∣∣ q; q2bcd
]
=
[
q, q/bc, q/bd, q/cd
q/b, q/c, q/d, q/bcd
∣∣∣∣ q]∞ ;
where the former can also be found in Verma–Jain [24, Eq. 5.5].
For the sake of brevity, we fix δ = 0, 1 from now on. In terms of unilateral series, (1.4) and (1.5) can be restated together
as a single one (cf. Gasper–Rahman [18, II-15]):
3φ2
[
q−2n, b, d
q1−2n/b, q1−2n/d
∣∣∣∣ q; q1+δ−n/bd] = qn(δ−1) [b, dq, bd
∣∣∣∣ q]
n
[
q, bd
b, d
∣∣∣∣ q]
2n
.
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1.2
When a = q, we can rewrite the Saalschütz formula displayed in (1.3) as
q(
n
2 )
[
b, d
q2/b, q2/d
∣∣∣∣ q]
n
(
q2
bd
)n
=
n∑
k=0
(−1)k
[
n+ k
n− k
]
q
(
n−k
2
) [
2k
k
] [
q, q2/bd
q2/b, q2/d
∣∣∣∣ q]
k
.
This relation matches perfectly with (1.1b) for λ = 1. Then the dual relation (1.1a) gives another binomial sum[
2n
n
] [
q, q2/bd
q2/b, q2/d
∣∣∣∣ q]
n
=
n∑
k=0
(−1)k
[
2n+ 1
n− k
]
1− q2k+1
1− q2n+1 q
(
k
2
) [
b, d
q2/b, q2/d
∣∣∣∣ q]
k
(
q2
bd
)k
.
According to the linear factor 1 − q2k+1, splitting the last sum into two and then making the replacement k→ −k − 1 for
the sum corresponding to q2k+1, we get the following simplified bilateral sum:
(q; q)2n+1
(q; q)n
[
q2/bd
q2/b, q2/d
∣∣∣∣ q]
n
=
n∑
k=−n−1
(−1)k
[
2n+ 1
n− k
]
q
(
k
2
) [
b, d
q2/b, q2/d
∣∣∣∣ q]
k
(
q2
bd
)k
.
This is another terminating well-poised 3ψ3-series identity
3ψ3
[
q−n, b, d
q2+n, q2/b, q2/d
∣∣∣∣ q; q2+n/bd] = (1− q) [q2, q2/bdq2/b, q2/d
∣∣∣∣ q]
n
(1.6)
which has been given explicitly by Carlitz [9, Eq. 2.12] and Verma–Joshi [26, Eq. 3.13]. Similarly, the reversal of this bilateral
sum results in the following slightly different formula:
3ψ3
[
q−n, b, d
q2+n, q2/b, q2/d
∣∣∣∣ q; q4+n/bd] = q− 1q
[
q2, q2/bd
q2/b, q2/d
∣∣∣∣ q]
n
. (1.7)
The nonterminating versions of these identities have also been discovered by Bailey [4, Eq. 2.3] (cf. [14] for proofs through
Abel’s lemma on summation by parts):
3ψ3
[
b, c, d
q2/b, q2/c, q2/d
∣∣∣∣ q; q2bcd
]
=
[
q, q2/bc, q2/bd, q2/cd
q2/b, q2/c, q2/d, q2/bcd
∣∣∣∣ q]∞ ,
3ψ3
[
b, c, d
q2/b, q2/c, q2/d
∣∣∣∣ q; q4bcd
]
= −1
q
[
q, q2/bc, q2/bd, q2/cd
q2/b, q2/c, q2/d, q2/bcd
∣∣∣∣ q]∞ .
The last identity results from the reversal of the first one. We therefore attribute it to Bailey [4] although it did not appear
there explicitly.
In terms of unilateral series, (1.6) and (1.7) can also be unified as follows
3φ2
[
q−1−2n, b, d
q−2n/b, q−2n/d
∣∣∣∣ q; q2δ−n/bd] = (1− q(2n+1)(2δ−1)) [qb, qdq, qbd
∣∣∣∣ q]
n
[
q, qbd
qb, qd
∣∣∣∣ q]
2n
.
2. Bilateral inverse q-series relations and well-poised series
The unilateral q-Legendre inversions illustrated in Section 3 admit the following bilateral generalization.
Theorem 2 (Bilateral q-Inverse Series Relations). Let λ be a fixed nonnegative integer. Then for all n ∈ N0, there hold the following
inverse series relations
(1− qλ+2n)f (n) =
n∑
k=−n−λ
(−1)k
[
λ+ 2n
n− k
]
q
(
n−k
2
)
xk(qλ+n/x; q)k
(q1−nx; q)k g(k), (2.1a)
g(n)+ g(−λ− n)
1− qλ+2n =
n∑
k=0
(−1)k
[
λ+ n+ k− 1
n− k
]
(1− x)(1− qλ+2k/x)(q1−kx; q)n−1
xn(qλ+k/x; q)n+1 f (k); (2.1b)
provided that λ = 0 or 1. Furthermore, these inversions are also valid for λ > 1 under the additional conditions g(−1) =
g(−2) = · · · = g(1− λ) = 0.
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In order to facilitate the subsequent applications, we highlight the following equivalent form obtained under the
replacement x→ 1/y:
(1− qλ+2n)F(n) =
n∑
k=−n−λ
(−1)k
[
λ+ 2n
n− k
]
q
(
n−k
2
)
(qλ+ny; q)k
yk(q1−n/y; q)k G(k), (2.2a)
G(n)+ G(−λ− n)
1− qλ+2n
(q1+λy; q)n
yn(1/y; q)n =
n∑
k=0
(−1)k
[
λ+ n+ k− 1
n− k
]
1− qλ+2ky
1− qλy F(k) (2.2b)
×
[
y, qλy
q1+λ+ny, q1−ny
∣∣∣∣ q]
k
qk−kn. (2.2c)
Proof. Substituting (2.1a) into the right member of (2.1b) and then interchanging the summation order, we have
RHS (2.1b) =
n∑
k=0
(−1)k
[
λ+ n+ k− 1
n− k
]
(1− x)(1− qλ+2k/x)(q1−kx; q)n−1
xn(1− qλ+2k)(qλ+k/x; q)n+1
×
k∑
i=−k−λ
(−1)i
[
λ+ 2k
k− i
]
q
(
k−i
2
)
xi(qλ+k/x; q)i
(q1−kx; q)i g(i)
=
n∑
i=−n−λ
(1− x) x
i
xn
g(i)
n∑
k=max{0,i,−i−λ}
(−1)k+i (q
1−kx; q)n−1
(qλ+k/x; q)n+1
× (1− q
λ+2k/x)(q; q)λ−1+n+k
(q; q)n−k(q; q)k−i(q; q)λ+k+i
(qλ+k/x; q)i
(q1−kx; q)i q
(
k−i
2
)
.
Denote by Ω(n, i) the last sum with respect to k. By making the replacement k → n − k, we can reverse the summation
order as follows:
Ω(n, i) =
min{n,n−i,n+i+λ}∑
k=0
(−1)n+k+i (q
1−n+kx; q)n−1
(qλ+n−k/x; q)n+1
(1− qλ+2n−2k/x)(q; q)λ−1+2n−k
(q; q)k(q; q)n−k−i(q; q)λ+n−k+i
(qλ+n−k/x; q)i
(q1−n+kx; q)i q
(
n−k−i
2
)
.
By invoking the following three relations
(q1−n+kx; q)n−1
(q1−n+kx; q)i =
(q1−nx; q)n−1
(q1−nx; q)i
(x; q)k
(q1−n+ix; q)k ,
(qλ+n−k/x; q)i
(qλ+n−k/x; q)n+1 =
(qλ+n/x; q)i
(qλ+n/x; q)n+1
(q−λ−2nx; q)k
(q1−λ−n−ix; q)k q
(1+n−i)k,
(q; q)λ−1+2n−k
(q; q)n−k−i(q; q)λ+n−k+i =
(−1)k(q; q)λ−1+2n
(q; q)n−i(q; q)λ+n+i
[
qi−n, q−λ−n−i
q1−λ−2n
∣∣∣∣ q]
k
qk−
(
k
2
)
;
we can reformulate the last sum as
Ω(n, i) = (−1)n−i (1− q
λ+2n/x)(q; q)λ−1+2n
(q; q)n−i(q; q)λ+n+i
(qλ+n/x; q)i
(q1−nx; q)i
(q1−nx; q)n−1
(qλ+n/x; q)n+1 q
(
n−i
2
)
×
min{n,n−i,n+i+λ}∑
k=0
1− q−λ−2n+2kx
1− q−λ−2nx
[
q−λ−2nx, x, qi−n, q−λ−n−i
q, q1−λ−2n, q1−λ−n−ix, q1−n+ix
∣∣∣∣ q]
k
qk.
Recalling the well-poised 6φ5-series identity [18, II-21]
6φ5
[
a, q
√
a, −q√a, b, d, q−m√
a, −√a, qa/b, qa/d, q1+ma
∣∣∣∣ q; q1+mabd
]
=
[
qa, qa/bd
qa/b, qa/d
∣∣∣∣ q]
m
(2.3)
we can evaluate the last sum with respect to k as follows
6φ5
[
q−λ−2nx, q
√
q−λ−2nx, −q
√
q−λ−2nx, x, qi−n, q−λ−n−i√
q−λ−2nx, −
√
q−λ−2nx, q1−λ−2n, q1−λ−n−ix, q1−n+ix
∣∣∣∣∣ q; q
]
=

[
q1−λ−2nx, q1−n+i
q1−n+ix, q1−λ−2n
∣∣∣∣ q]
n−i
= δi,n, 0 ≤ i ≤ n;[
q1−λ−2nx, q1−λ−n−i
q1−λ−n−ix, q1−λ−2n
∣∣∣∣ q]
λ+n+i
= δi,−n−λ, −λ− n ≤ i ≤ −λ.
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Consequently,Ω(n, i) reduces to
Ω(n, i) =

1
(1− x)(1− qλ+2n) , i = n;
xλ+2n
(1− x)(1− qλ+2n) , i = −n− λ;
0, −λ− n < i ≤ −λ and 0 ≤ i < n;
which confirms for λ = 0 and 1 that
RHS (2.1b) = g(n)+ g(−λ− n)
1− qλ+2n = LHS (2.1b).
When λ > 1, observe thatΩ(n, i) does not vanish for−λ < i < 0. However this gap is covered by the additional conditions
g(−1) = g(−2) = · · · = g(1− λ) = 0. 
By means of Theorem 2, we shall investigate the dual relations of Jackson’s q-analogue of the very well-poised Dougall
formula (cf. [3, Section 8.3], [18, II-22] and [23, IV-8]):
8φ7
[
a, q
√
a, −q√a, b, c, d, e, q−n√
a, −√a, qa/b, qa/c, qa/d, qa/e, q1+na
∣∣∣∣ q; q] (2.4a)
=
[
qa, qa/bc, qa/bd, qa/cd
qa/b, qa/c, qa/d, qa/bcd
∣∣∣∣ q]
n
where q1+na2 = bcde. (2.4b)
These dual formulae not only recover two well-known terminating well-poised 5ψ5-series identities due to Jackson [19]
and Bailey [4], but also lead to four other well-poised series identities, which do not seem to have appeared previously.
Surprisingly, we can even apply Theorem 2 to these 5ψ5-series identities just mentioned, which will result in two further
well-poised 8φ7-series identities.
2.1
The two examples in this and the next subsections connect surprisingly with Jackson’s summation formula on very
well-poised 8φ7-series to the two terminating well-poised 5ψ5-series identities, both due to Jackson [19,20], which seem
unrelated up to now.
First by specializing (2.4a) and (2.4b) to the following series
8φ7
[
q/bcd, q
√
q/bcd, −q√q/bcd, q/bc, q/bd, q/cd, q−n, qn√
q/bcd, −√q/bcd, q/d, q/c, q/b, q2+n/bcd, q2−n/bcd
∣∣∣∣ q; q]
=
[
q2/bcd, b, c, d
q/b, q/c, q/d, bcd/q
∣∣∣∣ q]
n
we can rewrite the resulting equation explicitly as
(q2/bcd; q)n
(1− qn)(bcd/q; q)n
[
b, c, d
q/b, q/c, q/d
∣∣∣∣ q]
n
=
n∑
k=0
(−1)k
[
n+ k− 1
n− k
]
1− q1+2k/bcd
1− q/bcd
×
[
q/bcd, q/bcd
q2+n/bcd, q2−n/bcd
∣∣∣∣ q]
k
[
2k
k
] [
q, q/bc, q/bd, q/cd
q/b, q/c, q/d, q/bcd
∣∣∣∣ q]
k
q
(
k+1
2
)
−nk
1− q2k .
This matches exactly with (2.2b) and (2.2c) for λ = 0 and the specifications
F(n) :=
[
2n
n
] [
q, q/bc, q/bd, q/cd
q/b, q/c, q/d, q/bcd
∣∣∣∣ q]
n
q(
n
2 )
1− q2n ,
G(n) :=
[
b, c, d
q/b, q/c, q/d
∣∣∣∣ q]
n
( q
bcd
)n ;
where for G(n), there holds the reflection property G(−n) = qnG(n).
Then the dual relation displayed in (2.2a) reads as[
2n
n
] [
q, q/bc, q/bd, q/cd
q/b, q/c, q/d, q/bcd
∣∣∣∣ q]
n
q(
n
2 ) =
n∑
k=−n
(−1)k
[
2n
n− k
]
q
(
n−k
2
)
(q1+n/bcd; q)k
(q−nbcd; q)k
[
b, c, d
q/b, q/c, q/d
∣∣∣∣ q]
k
.
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Expressing this relation in terms of a well-poised 5ψ5-series, we recover the following identity due to Jackson [19, Eq. 1]
and Bailey [4, Eq. 3.1]:
5ψ5
[
q−n, b, c, d, q1+n/bcd
q1+n, q/b, q/c, q/d, q−nbcd
∣∣∣∣ q; q] = [q, q/bc, q/bd, q/cdq/b, q/c, q/d, q/bcd
∣∣∣∣ q]
n
. (2.5)
In this inversion process, if replacing G(n) by G′(n) defined by
G′(n) :=
[
b, c, d
q/b, q/c, q/d
∣∣∣∣ q]
n
(
q2
bcd
)n
with the reflection property G′(−n) = q−nG′(n), then the corresponding F(n) remains unchanged. However the resulting
identity yields the reversal of (2.5)
5ψ5
[
q−n, b, c, d, q1+n/bcd
q1+n, q/b, q/c, q/d, q−nbcd
∣∣∣∣ q; q2] = [q, q/bc, q/bd, q/cdq/b, q/c, q/d, q/bcd
∣∣∣∣ q]
n
(2.6)
which can be found explicitly in Bressoud [8, Eq. 1] and Joshi–Verma [26, Eq. 3.8].
In terms of unilateral series, (2.5) and (2.6) can be restated together as a single one (cf. Chu [15, Section 2]):
5φ4
[
q−2n, b, c, d, q1−3n/bcd
q1−2n/b, q1−2n/c, q1−2n/d, qnbcd
∣∣∣∣ q; q1+δ] = qn(δ−1) [b, c, d, bcdq, bc, bd, cd
∣∣∣∣ q]
n
[
q, bc, bd, cd
b, c, d, bcd
∣∣∣∣ q]
2n
.
2.2
Considering another special case of (2.4a) and (2.4b)
8φ7
[
q3/bcd, q2
√
q/bcd, −q2√q/bcd, q2/bc, q2/bd, q2/cd, q−n, q1+n
q
√
q/bcd, −q√q/bcd, q2/d, q2/c, q2/b, q4+n/bcd, q3−n/bcd
∣∣∣∣ q; q]
=
[
q4/bcd, b, c, d
q2/b, q2/c, q2/d, bcd/q2
∣∣∣∣ q]
n
we can rewrite it as the following equation:
(q4/bcd; q)n
(bcd/q2; q)n
[
b, c, d
q2/b, q2/c, q2/d
∣∣∣∣ q]
n
=
n∑
k=0
(−1)k
[
n+ k
n− k
]
1− q3+2k/bcd
1− q3/bcd
×
[
q2/bcd, q3/bcd
q4+n/bcd, q3−n/bcd
∣∣∣∣ q]
k
[
2k
k
] [
q, q2/bc, q2/bd, q2/cd
q2/b, q2/c, q2/d, q2/bcd
∣∣∣∣ q]
k
q
(
k+1
2
)
−nk
.
This matches with (2.2b) and (2.2c)) for λ = 1 and the sequence specifications
F(n) :=
[
2n
n
] [
q, q2/bc, q2/bd, q2/cd
q2/b, q2/c, q2/d, q2/bcd
∣∣∣∣ q]
n
q(
n
2 ),
G(n) :=
[
b, c, d
q2/b, q2/c, q2/d
∣∣∣∣ q]
n
(
q2
bcd
)n
;
where for G(n), there holds the reflection property G(−n− 1) = −q2n+1G(n).
Then the dual relation displayed in (2.2a) reads as
(1− q1+2n)
[
2n
n
] [
q, q2/bc, q2/bd, q2/cd
q2/b, q2/c, q2/d, q2/bcd
∣∣∣∣ q]
n
q(
n
2 )
=
n∑
k=−n−1
(−1)k
[
2n+ 1
n− k
]
q
(
n−k
2
)
(q3+n/bcd; q)k
(q−1−nbcd; q)k
[
b, c, d
q2/b, q2/c, q2/d
∣∣∣∣ q]
k
.
Its reformulation in terms of well-poised 5ψ5-series leads us to Bailey’s identity [4, Eq. 3.2] (cf. Carlitz [9, Eq. 3.4] also):
5ψ5
[
q−n, b, c, d, q3+n/bcd
q2+n, q2/b, q2/c, q2/d, q−1−nbcd
∣∣∣∣ q; q] (2.7a)
= (1− q)
[
q2, q2/bc, q2/bd, q2/cd
q2/b, q2/c, q2/d, q2/bcd
∣∣∣∣ q]
n
. (2.7b)
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Again in this inversion process, if G(n) is specified instead by
G′(n) :=
[
b, c, d
q2/b, q2/c, q2/d
∣∣∣∣ q]
n
(
q4
bcd
)n
with the reflection property G′(−n − 1) = −q−2n−1G′(n), then the corresponding F(n) remains unchanged. The resulting
identity reads as the reversal of (2.7a) and (2.7b)):
5ψ5
[
q−n, b, c, d, q3+n/bcd
q2+n, q2/b, q2/c, q2/d, q−1−nbcd
∣∣∣∣ q; q3] (2.8a)
= q− 1
q
[
q2, q2/bc, q2/bd, q2/cd
q2/b, q2/c, q2/d, q2/bcd
∣∣∣∣ q]
n
. (2.8b)
In terms of unilateral series, (2.7a), (2.7b) and (2.8a), (2.8b) are unified as follows:
5φ4
[
q−1−2n, b, c, d, q−1−3n/bcd
q−2n/b, q−2n/c, q−2n/d, q1+nbcd
∣∣∣∣ q; q1+2δ]
= (−q1+2n)δ−1(q; q)2n+1
[
qb, qc, qd, qbcd
q, qbc, qbd, qcd
∣∣∣∣ q]
n
[
qbc, qbd, qcd
qb, qc, qd, qbcd
∣∣∣∣ q]
2n
.
Refer to Chu [15, Section 2] and Joshi-Verma [26, Eq. 3.12] for different proofs.
2.3
The following special case of (2.4a) and (2.4b)
8φ7
[
a, q
√
a, −q√a, a2, qn/2, q(n+1)/2, q−(n−1)/2, q−n/2√
a, −√a, q/a, aq1−n/2, aq(1−n)/2, aq(1+n)/2, aq1+n/2
∣∣∣∣ q; q]
=
[
aq1/2, aq−n
aq(1−n)/2, aq−n/2
∣∣∣∣ q1/2]
n
[
aq(1−n)/2, aq−n/2
aq1/2, aq−n
∣∣∣∣ q]
n
can be rewritten, under the base replacement q→ q2, as
(−1/a)n
1− qn
[
a, qa
1/a, q/a
∣∣∣∣ q]
n
(q/a; q2)n
(qa; q2)n =
[n/2]∑
k=0
[
n+ 2k− 1
n− 2k
]
1− q4ka
1− a
[
a, a
q1−na, q1+na
∣∣∣∣ q]
2k
×
[
4k
2k
] [
q, q, q2, a2
a, qa, qa, q2/a
∣∣∣∣ q2]
k
q
(
2k+1
2
)
−2nk
1− q4k
where [x] denotes the integer part of the real number x. The last equation matches with (2.2b) and (2.2c) exactly for λ = 0
and
F(n) :=

[
4k
2k
] [
q, q, q2, a2
a, qa, qa, q2/a
∣∣∣∣ q2]
k
q
(
2k
2
)
1− q4k , n = 2k;
0, n = 2k+ 1;
G(n) := (−1)n (a; q)n(q/a; q
2)n
(q/a; q)n(qa; q2)n ;
as well as the reflection property G(−n) = qnG(n).
The dual relation displayed in (2.2a) reads as
n∑
k=−n
[
2n
n− k
]
q
(
n−k
2
)
(qna; q)k
(q1−n/a; q)k
(a; q)k(q/a; q2)k
(q/a; q)k(qa; q2)k a
−k =

[
4m
2m
] [
q, q, q2, a2
a, qa, qa, q2/a
∣∣∣∣ q2]
m
q
(
2m
2
)
, n = 2m;
0, n = 2m+ 1;
which can be reformulated as the following bilateral q-series identity:
5ψ5
[
q−n, qna, a,
√
q/a, −√q/a
q1+n, q1−n/a, q/a,
√
qa, −√qa
∣∣∣∣ q;−q/a] (2.9a)
=

[
q, q, q2, a2
a, qa, qa, q2/a
∣∣∣∣ q2]
m
, n = 2m;
0, n = 2m+ 1.
(2.9b)
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In the proof of the last identity, if taking
G′(n) := (−q)n (a; q)n(q/a; q
2)n
(q/a; q)n(qa; q2)n
with the reflection property G′(−n) = q−nG′(n), then the corresponding F(n) remains unchanged.We therefore recover the
reversal of the last identity as follows:
5ψ5
[
q−n, qna, a,
√
q/a, −√q/a
q1+n, q1−n/a, q/a,
√
qa, −√qa
∣∣∣∣ q;−q2/a] (2.10a)
=

[
q, q, q2, a2
a, qa, qa, q2/a
∣∣∣∣ q2]
m
, n = 2m;
0, n = 2m+ 1.
(2.10b)
In terms of unilateral series, (2.9a), (2.9b) and (2.10a), (2.10b) are unified as follows:
5φ4
[
q−2n, a, q−na, q−n
√
q/a, −q−n√q/a
q1−2n/a, q1−n/a, q−n
√
qa, −q−n√qa
∣∣∣∣ q;−q1+δ/a]
=
q2m(δ−1)
[
a2, q/a
qa, q2
∣∣∣∣ q2]
m
(q; q)4m
[a, q/a; q2]2m , n = 2m;
0, n = 2m+ 1.
2.4
The following special case of (2.4a), (2.4b)
8φ7
[
qa, q
√
qa, −q√qa, qa2, q(n+1)/2, q1+n/2, q−(n−1)/2, q−n/2√
qa, −√qa, q/a, aq(3−n)/2, aq1−n/2, aq(3+n)/2, aq2+n/2
∣∣∣∣ q; q]
=
[
aq3/2, aq−n
aq(1−n)/2, aq1−n/2
∣∣∣∣ q1/2]
n
[
aq(1−n)/2, aq1−n/2
aq3/2, aq−n
∣∣∣∣ q]
n
can be rewritten, under the replacements q→ q2 and a→ a/q, as
(−1/a)n
[
q2a, a
1/a, q2/a
∣∣∣∣ q]
n
(q2/a; q2)n
(q2a; q2)n =
[n/2]∑
k=0
[
n+ 2k
n− 2k
]
1− q1+4ka
1− qa
×
[
a, qa
q2+na, q1−na
∣∣∣∣ q]
2k
[
4k
2k
] [
q, q, q2, a2
a, qa, q2a, q3/a
∣∣∣∣ q2]
k
q
(
2k+1
2
)
−2nk
which matches with (2.2b) and (2.2c) exactly for λ = 1 and
F(n) :=

[
4k
2k
] [
q, q, q2, a2
a, qa, q2a, q3/a
∣∣∣∣ q2]
k
q
(
2k
2
)
, n = 2k;
0, n = 2k+ 1;
G(n) := (−1)n (a; q)n(q
2/a; q2)n
(q2/a; q)n(q2a; q2)n ;
as well as the reflection property G(−n− 1) = −q2n+1G(n).
Then the dual relation displayed in (2.2a) reads as
n∑
k=−n−1
[
2n+ 1
n− k
]
q
(
n−k
2
)
(q1+na; q)k
(q1−n/a; q)k
(a; q)k(q2/a; q2)k
(q2/a; q)k(q2a; q2)k a
−k
=
(1− q4m+1)
[
4m
2m
] [
q, q, q2, a2
a, qa, q2a, q3/a
∣∣∣∣ q2]
m
q
(
2m
2
)
, n = 2m;
0, n = 2m+ 1.
This can be expressed as the following new bilateral q-series identity:
5ψ5
[
q−n, q1+na, a, q/
√
a, −q/√a
q2+n, q1−n/a, q2/a, q
√
a, −q√a
∣∣∣∣ q;−q/a] (2.11a)
=
(1− q)
[
q, q2, q3, a2
a, qa, q2a, q3/a
∣∣∣∣ q2]
m
, n = 2m;
0, n = 2m+ 1.
(2.11b)
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In this inversion process, if replacing G(n) by G′(n) defined by
G′(n) := (−1)n (a; q)n(q
2/a; q2)n
(q2/a; q)n(q2a; q2)n q
2n
with the reflection property G′(−n − 1) = −q−2n−1G′(n), then the corresponding F(n) remains unchanged. We find that
the resulting identity is the reversal of the last identity:
5ψ5
[
q−n, q1+na, a, q/
√
a, −q/√a
q2+n, q1−n/a, q2/a, q
√
a, −q√a
∣∣∣∣ q;−q3/a] (2.12a)
=

q− 1
q
[
q, q2, q3, a2
a, qa, q2a, q3/a
∣∣∣∣ q2]
m
, n = 2m;
0, n = 2m+ 1.
(2.12b)
The unilateral series forms of (2.11a), (2.11b) and (2.12a), (2.12b) are unified as follows:
5φ4
[
q−1−2n, a, q−n−1a, q−n/
√
a, −q−n/√a
q−2n/a, q1−n/a, q−n
√
a, −q−n√a
∣∣∣∣ q;−q1+2δ/a]
=
(−q4m+1)(δ−1)
[
a2, q2/a
a, q2
∣∣∣∣ q2]
m
(q; q)4m+1
[qa, q2/a; q2]2m , n = 2m;
0, n = 2m+ 1.
2.5
Consider the following special case of (2.4a), (2.4b)
8φ7
[
a, q
√
a, −q√a, qa2, qn, −qn, −q−n, q−n√
a, −√a, 1/a, q1−na, −q1−na, −q1+na, q1+na
∣∣∣∣ q; q] = [ qa,−qa, q−n/a,−qn/a1/a,−1/a,−q1+na, q1−na
∣∣∣∣ q]
n
.
Rewrite it, under the base replacement q→ q1/2, as
a−2nq−n/2
1− qn
[
qa2, qa2,−1/a,−q1/2/a
1/a2, 1/a2,−q1/2a,−qa
∣∣∣∣ q]
n
=
n∑
k=0
(−1)k
[
n+ k− 1
n− k
]
1− q2ka2
1− a2
×
[
a2, a2
q1+na2, q1−na2
∣∣∣∣ q]
k
[
2k
k
] [
q,−a
a2,−qa
∣∣∣∣ q]
k
[−q1/2, q1/2a2
−a, 1/a
∣∣∣∣ q1/2]
k
qk
2/2−nk
1− q2k
which matches with (2.2b) and (2.2c) exactly for λ = 0 and
F(n) :=
[
2n
n
] [
q,−a
a2,−qa
∣∣∣∣ q]
n
[−q1/2, q1/2a2
−a, 1/a
∣∣∣∣ q1/2]
n
q(
n
2 )−n/2
1− q2n ,
G(n) :=
[
qa2,−1/a,−q1/2/a
1/a2,−q1/2a,−qa
∣∣∣∣ q]
n
q−n/2;
as well as the reflection property G(−n) = qnG(n).
Then the dual relation displayed in (2.2a) reads as[
2n
n
] [
q,−a
a2,−qa
∣∣∣∣ q]
n
[−q1/2, q1/2a2
−a, 1/a
∣∣∣∣ q1/2]
n
q(
n
2 )−n/2
=
n∑
k=−n
(−1)k
[
2n
n− k
]
q
(
n−k
2
)
(qna2; q)k
(q1−n/a2; q)k
[
qa2,−1/a,−q1/2/a
1/a2,−q1/2a,−qa
∣∣∣∣ q]
k
(q1/2a2)−k
which can be reformulated, under the replacement a→−a1/2, as the following bilateral q-series identity:
5ψ5
[
q−n, qna, qa,
√
1/a,
√
q/a
q1+n, q1−n/a, 1/a, q
√
a,
√
qa
∣∣∣∣ q; q1/2/a] (2.13a)
=
[
q, a1/2
a, qa1/2
∣∣∣∣ q]
n
[−q1/2, q1/2a
a1/2,−a−1/2
∣∣∣∣ q1/2]
n
q−n/2. (2.13b)
In the proof of the last identity, if G(n) is replaced by
G′(n) :=
[
qa2,−1/a,−q1/2/a
1/a2,−q1/2a,−qa
∣∣∣∣ q]
n
qn/2
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with the reflection property G′(−n) = q−nG′(n), then the corresponding F(n) remains unchanged. The reversal of the last
identity is consequently recovered as follows:
5ψ5
[
q−n, qna, qa,
√
1/a,
√
q/a
q1+n, q1−n/a, 1/a, q
√
a,
√
qa
∣∣∣∣ q; q3/2/a] (2.14a)
=
[
q, a1/2
a, qa1/2
∣∣∣∣ q]
n
[−q1/2, q1/2a
a1/2,−a−1/2
∣∣∣∣ q1/2]
n
q−n/2. (2.14b)
In terms of unilateral series, (2.13a), (2.13b) and (2.14a), (2.14b) are unified as:
5φ4
[
q−2n, a, q1−na, q−n/
√
a, q−n
√
q/a
q1−2n/a, q−n/a, q1−n
√
a, q−n
√
qa
∣∣∣∣ q; qδ+1/2/a]
=
[−q1/2, q1/2a
a1/2, −a−1/2
∣∣∣∣ q1/2]
n
[
q1+n, 1/a, a1/2, (qa)1/2
qna, qa, a−1/2, (q/a)1/2
∣∣∣∣ q]
n
qn(δ−1).
2.6
The following special case of (2.4a) and (2.4b)
8φ7
[
qa, q
√
qa, −q√qa, qa2, q1+n, −q1+n, −q−n, q−n√
qa, −√qa, q/a, q1−na, −q1−na, −q2+na, q2+na
∣∣∣∣ q; q]
=
[
q2a, q−n/a, −q1+n/a, −qa
q/a, q1−na, −q2+na, −1/a
∣∣∣∣ q]
n
can be rewritten, under the base replacement q→ q1/2, as[
qa2, q2a2,−q1/2/a,−q/a
1/a2, q/a2,−qa,−q3/2a
∣∣∣∣ q]
n
(q1/2a2)−n =
n∑
k=0
(−1)k
[
n+ k
n− k
]
1− q1+2ka2
1− qa2
×
[
a2, qa2
q2+na2, q1−na2
∣∣∣∣ q]
k
[
2k
k
] [
q,−q1/2a
a2,−q3/2a
∣∣∣∣ q]
k
[−q1/2, q1/2a2
−q1/2a, q1/2/a
∣∣∣∣ q1/2]
k
qk
2/2−nk
which matches with (2.2b) and (2.2c) exactly for λ = 1 and
F(n) :=
[
2n
n
] [
q,−q1/2a
a2,−q3/2a
∣∣∣∣ q]
n
[−q1/2, q1/2a2
−q1/2a, q1/2/a
∣∣∣∣ q1/2]
n
q(
n
2 )−n/2,
G(n) :=
[
qa2,−q1/2/a,−q/a
q/a2,−qa,−q3/2a
∣∣∣∣ q]
n
q−n/2;
with the reflection property G(−n− 1) = −q2n+1G(n).
The dual relation displayed in (2.2a) reads as
(1− q2n+1)
[
2n
n
] [
q,−q1/2a
a2,−q3/2a
∣∣∣∣ q]
n
[−q1/2, q1/2a2
−q1/2a, q1/2/a
∣∣∣∣ q1/2]
n
q(
n
2 )−n/2
=
n∑
k=−n−1
(−1)k
[
2n+ 1
n− k
]
q
(
n−k
2
)
(q1+na2; q)k
(q1−n/a2; q)k
[
qa2,−q1/2/a,−q/a
q/a2,−qa,−q3/2a
∣∣∣∣ q]
k
(q1/2a2)−k.
Writing this relation in terms of a 5ψ5-series and then relabeling a by−a1/2, we find the following bilateral series identity:
5ψ5
[
q−n, qn+1a, qa,
√
q/a,
√
q2/a
q2+n, q1−n/a, q/a,
√
q3a,
√
q2a
∣∣∣∣∣ q; q1/2/a
]
(2.15a)
= (1− q)
[
q2, (qa)1/2
a, (q3a)1/2
∣∣∣∣ q]
n
[ −q1/2, q1/2a
(qa)1/2,−(q/a)1/2
∣∣∣∣ q1/2]
n
q−n/2. (2.15b)
In the proof of the last identity, if G(n) is specified by
G′(n) :=
[
qa2,−q1/2/a,−q/a
q/a2,−qa,−q3/2a
∣∣∣∣ q]
n
q3n/2
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with the reflection property G′(−n − 1) = −q−2n−1G′(n), then the corresponding F(n) remains unchanged. The resulting
identity gives the reversal of the last one:
5ψ5
[
q−n, qn+1a, qa,
√
q/a,
√
q2/a
q2+n, q1−n/a, q/a,
√
q3a,
√
q2a
∣∣∣∣∣ q; q5/2/a
]
(2.16a)
= q− 1
q
[
q2, (qa)1/2
a, (q3a)1/2
∣∣∣∣ q]
n
[ −q1/2, q1/2a
(qa)1/2,−(q/a)1/2
∣∣∣∣ q1/2]
n
q−n/2. (2.16b)
In terms of unilateral series, (2.15a), (2.15b) and (2.16a), (2.16b) are unified as follows:
5φ4
[
q−1−2n, a, q−na, q−n/
√
qa, q−n/
√
a
q−2n/a, q−n/a, q−n
√
qa, q−n
√
a
∣∣∣∣ q; q2δ+1/2/a]
= (1− q(2n+1)(2δ−1)) [ −q1/2, q1/2a
(qa)1/2,−(q/a)1/2
∣∣∣∣ q1/2]
n
[
q1+n, q/a, qa1/2, (qa)1/2
q1+na, qa, q/a1/2, (q/a)1/2
∣∣∣∣ q]
n
.
In addition, we can study the dual formulae from bilateral series to unilateral ones.
2.7
By applying Theorem 2 to Jackson’s identity (2.4a) and (2.4b), we have recovered the two 5ψ5-series identities displayed
in (2.5), (2.7a) and (2.7b). Interestingly enough, Theorem 2 can again be applied even to these 5ψ5-series identities, which
will lead us to further well-poised 8φ7-series identities.
In fact, consider the following special case of (2.5)
5ψ5
[
q−n,−q−n, qn√a,−qn√a, q/a
q1+n,−q1+n, q1−n/√a,−q1−n/√a, a
∣∣∣∣ q; q] = [q2, q2/a,−a,−qaa, a2,−q,−q2
∣∣∣∣ q2]
n
(
a
q
)n
.
Rewrite it, under the base replacement q→ q1/2, as[
2n
n
] [
q, q/a, −a, −q1/2a
a, a2, −q1/2, −q
∣∣∣∣ q]
n
anq(
n
2 )−n/2 =
n∑
k=−n
(−1)k
[
2n
n− k
]
q
(
n−k
2
)
(qna; q)k
(q1−n/a; q)k
(q1/2/a; q1/2)k
(a; q1/2)k q
−k/2.
This equation matches with (2.2a) for λ = 0 and
F(n) := a
nq(
n
2 )−n/2
1− q2n
[
2n
n
] [
q, q/a, −a, −q1/2a
a, a2, −q1/2, −q
∣∣∣∣ q]
n
,
G(n) := (q
1/2/a; q1/2)n
(a; q1/2)n (aq
−1/2)n;
as well as the following reduction
G(n)+ G(−n)
1− q2n =
1+ q−n/2
1− q2n
(q1/2/a; q1/2)n
(a; q1/2)n a
n.
Then the dual relation displayed in (2.2b) and (2.2c) reads as
1+ q−n/2
1− q2n
(qa; q)n
(1/a; q)n
(q1/2/a; q1/2)n
(a; q1/2)n =
n∑
k=0
(−1)k
[
n+ k− 1
n− k
]
1− q2ka
1− a
×
[
a, a
q1+na, q1−na
∣∣∣∣ q]
k
[
2k
k
] [
q, q/a, −a, −q1/2a
a, a2, −q1/2, −q
∣∣∣∣ q]
k
akqk
2/2−kn
1− q2k
which leads us to the following well-poised series identity:
8φ7
[
a, q
√
a, −q√a, q/a, −a, −q1/2a, qn, q−n√
a, −√a, a2, −q, −q1/2, q1−na, q1+na
∣∣∣∣ q; q1/2a] (2.17a)
= 1+ q
−n/2
1+ qn
(qa; q)n(q1/2/a; q1/2)n
(1/a; q)n(a; q1/2)n . (2.17b)
This identity can also be derived from the following special case of (2.6)
5ψ5
[
q−n,−q−n, qn√a,−qn√a, q/a
q1+n,−q1+n, q1−n/√a,−q1−n/√a, a
∣∣∣∣ q; q2] = [q2, q2/a,−a,−qaa, a2,−q,−q2
∣∣∣∣ q2]
n
(
a
q
)n
taking into account of the relation G(−n) = qn/2G(n).
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Recall Watson’s q-analogue of the Whipple transformation [28] (cf. [18, III-18] also)
8φ7
[
a, qa1/2, −qa1/2, b, c, d, e, q−n
a1/2, −a1/2, qa/b, qa/c, qa/d, qa/e, aqn+1
∣∣∣∣ q; q2+na2bcde
]
(2.18a)
=
[
qa, qa/bc
qa/b, qa/c
∣∣∣∣ q]
n
4φ3
[
q−n, b, c, qa/de
qa/d, qa/e, q−nbc/a
∣∣∣∣ q ; q] . (2.18b)
Applying this transformation to (2.17a) and (2.17b), we find the following balanced q-series identity
4φ3
[
q−n, qn, q
1
2 /a, q/a
−q, −q 12 , q/a2
∣∣∣∣∣ q; q
]
= 1+ q
n/2
1+ qn
[
q
1
2 /a
a
∣∣∣∣ q 12 ]
n
[
a2
q/a2
∣∣∣∣ q]
n
(
q
1
2
a
)n
(2.19)
which does not seem to have appeared previously in the literature.
2.8
Analogously, the following special case of (2.7a) and (2.7b)
5ψ5
[
q−n,−q−n, q1+n√a,−q1+n√a, q/a
q2+n,−q2+n, q1−n/√a,−q1−n/√a, qa
∣∣∣∣ q; q] = (1− q) [q4, q2/a,−qa,−q2a−q2,−q3, a, q2a2
∣∣∣∣ q2]
n
(
a
q
)n
can be rewritten, under the base replacement q→ q1/2, as
(1− q2n+1)a
nq(
n
2 )−n/2
1+ q1/2
[
2n
n
] [
q, q/a, −q1/2a, −qa
−q, −q3/2, a, qa2
∣∣∣∣ q]
n
=
n∑
k=−n−1
(−1)k
[
2n+ 1
n− k
]
q
(
n−k
2
)
(q1+na; q)k
(q1−n/a; q)k
(q1/2/a; q1/2)k
(q1/2a; q1/2)k q
−k/2
which matches with (2.2a) exactly for λ = 1 and
F(n) := a
nq(
n
2 )−n/2
1+ q1/2
[
2n
n
] [
q, q/a, −q1/2a, −qa
−q, −q3/2, a, qa2
∣∣∣∣ q]
n
,
G(n) := (q
1/2/a; q1/2)n
(q1/2a; q1/2)n (aq
−1/2)n;
as well as the following reduction
G(n)+ G(−n− 1)
1− q2n+1 =
anq−n/2
1+ qn+1/2
(q1/2/a; q1/2)n
(q1/2a; q1/2)n .
Then the dual relation displayed in (2.2b) and (2.2c) reads as
q−n/2
1+ qn+1/2
(q2a; q)n(q1/2/a; q1/2)n
(1/a; q)n(q1/2a; q1/2)n =
n∑
k=0
(−1)k
[
n+ k
n− k
]
1− q1+2ka
1− qa
×
[
a, qa
q2+na, q1−na
∣∣∣∣ q]
k
[
2k
k
] [
q, q/a, −q1/2a, −qa
−q, −q3/2, a, qa2
∣∣∣∣ q]
k
akqk
2/2−kn
1+ q1/2 .
This results in the following well-poised series identity:
8φ7
[
qa, q
√
qa, −q√qa, q/a, −qa, −q1/2a, q1+n, q−n√
qa, −√qa, qa2, −q, −q3/2, q1−na, q2+na
∣∣∣∣ q; q1/2a] (2.20a)
= 1+ q
1/2
1+ qn+1/2
(q2a; q)n(q1/2/a; q1/2)n
(1/a; q)n(q1/2a; q1/2)n q
−n/2. (2.20b)
Similarly, the last identity can also be confirmed by inverting the following special case of (2.8a) and (2.8b)
5ψ5
[
q−n, −q−n, q1+n√a, −q1+n√a, q/a
q2+n, −q2+n, q1−n/√a, −q1−n/√a, qa
∣∣∣∣ q; q3] = q− 1q
[
q4, q2/a,−qa,−q2a
−q2,−q3, a, q2a2
∣∣∣∣ q2]
n
(
a
q
)n
in view of the reflection property G(−n− 1) = −qn+1/2G(n).
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Furthermore, by applying Watson’s transformation (2.18a), (2.18b) to (2.20a), (2.20b), we find another terminating
balanced q-series identity
4φ3
[
q−n, qn+1, q
1
2 /a, q/a
−q, −q 32 , q/a2
∣∣∣∣∣ q; q
]
= 1+ q
1/2
1+ qn+ 12
[
q
1
2 /a
q
1
2 a
∣∣∣∣∣ q 12
]
n
[
qa2
q/a2
∣∣∣∣ q]
n
(
q
1
2
a
)n
. (2.21)
As q-analogues of 3F2-series due toWatson [29] andWhipple [30], there are several terminating balanced q-series identities
in the literature, which aremainly found by Andrews [1, Theorems 1 and 2], Jain [21, Eqs. 3.17 and 3.19] and Verma–Jain [25,
Eqs. 1.1 and 1.2] (see also (3.3) and (3.4) in Section 3 as well as Gasper–Rahman [18, II-17 and 19]). However, we have failed
to locate both (2.19) and (2.21) in these articles.
3. Reduced bilateral inversions and Bailey’s 6ψ6-series identity
When x→ 0, we find from Theorem 2 the following bilateral version of (1.2a) and (1.2b).
Proposition 3 (Bilateral q-Inverse Series Relations). Let λ be a fixed nonnegative integer. Then for all n ∈ N0, there hold the
following inverse series relations
(1− qλ+2n)F (n) =
n∑
k=−n−λ
(−1)k
[
λ+ 2n
n− k
]
G(k), (3.1a)
G(n)+ (−1)λG(−λ− n)
1− qλ+2n =
n∑
k=0
(−1)k
[
λ+ n+ k− 1
n− k
]
q
(
n−k
2
)
F (k); (3.1b)
provided that λ = 0 and 1. Furthermore, these inversions are also valid for λ > 1 under the additional conditions G(−1) =
G(−2) = · · · = G(1− λ) = 0.
This propositionwill be employed to derive the dual formulae of the verywell-poised 6ψ6-series identity due to Bailey [6]
(see also [18, II-33] and [16])
6ψ6
[
q
√
a, −q√a, b, c, d, e√
a, −√a, qa/b, qa/c, qa/d, qa/e
∣∣∣∣ q; qa2bcde
]
(3.2a)
=
[
q, qa, q/a, qa/bc, qa/bd, qa/be, qa/cd, qa/ce, qa/de
qa/b, qa/c, qa/d, qa/e, q/b, q/c, q/d, q/e, qa2/bcde
∣∣∣∣ q]∞ (3.2b)
provided that
∣∣qa2/bcde∣∣ < 1 for convergence.
3.1
It is not hard to check from the last identity the following terminating sum:
(1− q2n+1)
[
q, qab; q2]n
[qa, qb; q]n
:=
[n/2]∑
k=−[(n+1)/2]
[
2n+ 1
n− 2k
]
(1− q4k+1)
[
q/a, q/b
q2a, q2b
∣∣∣∣ q2]
k
q2k
2
(ab)k.
This equation matches with (3.1a) for λ = 1 and the specifications
F (n) :=
[
q, qab; q2]n
[qa, qb; q]n
,
G(n) :=
(1− q4k+1)
[
q/a, q/b
q2a, q2b
∣∣∣∣ q2]
k
q2k
2
(ab)k, n = 2k;
0, n = 2k+ 1;
as well as the following reduced expression
G(n)− G(−n− 1)
1− q2n+1 =

[
q/a, q/b
q2a, q2b
∣∣∣∣ q2]
m
× q2m2(ab)m, n = 2m[
1/a, 1/b
qa, qb
∣∣∣∣ q2]
m
× q1+2m(m−1)(ab)m, n = 2m− 1
= qn2
[
q1−na, q1−nb; q2]n
[qa, qb; q]n
.
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Then the dual relation displayed in (3.1b) reads as
n∑
k=0
(−1)k
[
n+ k
n− k
]
q
(
n−k
2
) [q, qab; q2]k
[qa, qb; q]k
= qn2
[
q1−na, q1−nb; q2]n
[qa, qb; q]n
.
This leads directly to the following terminating q-analogue of Whipple’s summation formula (cf. Bailey [3, Section 3.4]) due
to Andrews [1, Theorem 2] (cf. [24, Eq. 1.2] also):
n∑
k=0
(q−n; q)k(qn+1; q)k(qab; q2)k
(qa; q)k(qb; q)k(q2; q2)k q
k = q
(
n+1
2
) [q1−na, q1−nb; q2]n
[qa, qb; q]n
. (3.3)
We remark that its reversal gives the q-analogue ofWatson’s summation formula (cf. Bailey [3, Section 3.3]) due to Jain [21,
Eq. 3.17]:
n∑
k=0
(a; q)k(b; q)k(q−2n; q2)k
(q; q)k(qab; q2)k(q−2n; q)k q
k = (qa; q
2)n(qb; q2)n
(q; q2)n(qab; q2)n . (3.4)
3.2
Consider the following terminating case of (3.2a) and (3.2b)
(1− q2n+1) (e; q
3)n
(e; q)n :=
[n/3]∑
k=−[(n+1)/3]
(−1)k
[
2n+ 1
n− 3k
]
(1− q6k+1) (q
2/e; q3)k
(q2e; q3)k q
(
3k
2
)
ek.
This matches with (3.1a) for λ = 1 and the specifications
F (n) := (e; q
3)n
(e; q)n and G(n) :=
(1− q6k+1) (q
2/e; q3)k
(q2e; q3)k q
(
3k
2
)
ek, n = 3k;
0, otherwise.
Simplifying the difference
G(n)− G(−n− 1)
1− q2n+1 =

(q2/e; q3)m
(q2e; q3)m q
(
3m
2
)
em, n = 3m;
0, n = 3m+ 1;
(q/e; q3)m
(qe; q3)m q
(
3m−1
2
)
em, n = 3m− 1;
we find from the dual relation displayed in (3.1b) the following interesting identity:
n∑
k=0
(−1)k
[
n+ k
n− k
]
q
(
n−k
2
)
(e; q3)k
(e; q)k =

(q2/e; q3)m
(q2e; q3)m q
(
3m
2
)
em, n = 3m;
0, n = 3m+ 1;
(q/e; q3)m
(qe; q3)m q
(
3m−1
2
)
em, n = 3m− 1.
(3.5)
3.3
Instead, consider another terminating case of (3.2a) and (3.2b)
(1− q2n+2) (qe; q
3)n
(e; q)n :=
[n/3]∑
k=−[(n+2)/3]
[
2n+ 2
n− 3k
]
(1− q6k+2) (q
3/e; q3)k
(q2e; q3)k q
(
3k
2
)
+kek.
This matches with (3.1a) for λ = 2 and the following specifications
F (n) := (qe; q
3)n
(e; q)n and G(n) :=
(1− q6k+2) (q
3/e; q3)k
(q2e; q3)k q
(
3k
2
)
+kek, n = 3k;
0, otherwise.
In view of the following reduction
G(n)+ G(−n− 2)
1− q2n+2 =

(q3/e; q3)m
(q2e; q3)m q
(
3m
2
)
+mem, n = 3m;
0, n = 3m− 1;
− (q/e; q
3)m
(e; q3)m q
(
3m
2
)
−5m+2em, n = 3m− 2;
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the dual relation displayed in (3.1b) reads as another interesting identity:
n∑
k=0
(−1)k
[
1+ n+ k
n− k
]
(qe; q3)k
(e; q)k q
(
n−k
2
)
=

(q3/e; q3)m
(q2e; q3)m q
(
3m
2
)
+mem, n = 3m;
0, n = 3m− 1;
− (q/e; q
3)m
(e; q3)m q
(
3m
2
)
−5m+2em, n = 3m− 2.
(3.6)
3.4. Limiting cases
Letting e→ 0 in (3.5), we get the following formula:
n∑
k=0
(−1)k
[
2n− k
k
]
q
(
k
2
)
=
q
6m2−m, n = 3m;
0, n = 3m+ 1;
−q6m2−5m+1, n = 3m− 1.
(3.7)
Similarly from (3.6), we have another formula:
n∑
k=0
(−1)k
[
1+ 2n− k
k
]
q
(
k
2
)
=
q
6m2+m, n = 3m;
0, n = 3m− 1;
−q6m2−7m+2, n = 3m− 2.
(3.8)
They can be unified as a single interesting identity
[m/2]∑
k=0
(−1)k
[
m− k
k
]
q
(
k
2
)
=
{
(−1)[m/3]qm(m−1)/6, m 6≡ 2 (mod 3);
0, m ≡ 2 (mod 3). (3.9)
Under the base replacement q→ q−1, this leads to another similar identity
[m/2]∑
k=0
(−1)k
[
m− k
k
]
q3
(
k
2
)
+k(2−m) =
{
(−1)[m/3]qm(1−m)/6, m 6≡ 2 (mod 3);
0, m ≡ 2 (mod 3). (3.10)
Both identities can be found in Warnaar [27], who derived them from limiting cases of a cubic summation formula.
Letting m = 3n+ ε with ε = 0, 1, 2 and then shifting the summation index by k→ k+ n, we can reformulate the last
identity further to the following one:
[(n+ε)/2]∑
k=−n
(−1)k
[
ε + 2n− k
n+ k
]
q3
(
k
2
)
+k(2−ε) =
{
1, ε = 0, 1;
0, ε = 2. (3.11)
Berkovich and Garvan [7] (cf. [27, Eq. 3] also) discovered the case ε = 0 in their finite analogue of Dyson’s proof for Euler’s
identity by the rank of partitions. Warnaar [27, Eq. 7] recorded the case ε = 1 separately. Both formulae may be considered
as polynomial analogues of Euler’s pentagonal number theorem.
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